Abstract. This paper presents a reduced order model problem using reciprocal transformation and balanced truncation followed by low order controller design of infinite dimensional systems. The class of systems considered is that of an exponentially stable state linear systems ( , , ) A B C , where operator A has a bounded inverse, and the operator B and C are of finite-rank and bounded. We can connect the system ( , , ) A B C with its reciprocal system via the solutions of the Lyapunov equations. The realization of the reciprocal system is reduced by balanced truncation. This result is further translated using reciprocal transformation as the reduced-order model for the systems ( , , ) A B C . Then the low order controller is designed based on the reduced order model. The numerical examples are studied using simulations of Euler-Bernoulli beam to show the closed-loop performance.
Introduction
The physical system described by partial differential equation has received much attention in recent years, including design control for that system. Examples of these systems are flexible structure, fluid dynamics, robotic, wave, and so on. In implementation, designing control for that system is difficult since it is of infinite state dimension. Modern controller designs, such as H  and linear quadratic Gaussian (LQG) techniques, lead to a controller with the same state dimension as the models from which they are designed. Hence, it is important to have low order controller for infinite-dimensional state space. There are two possible alternatives to achieve a low order controller of infinite dimensional system, i.e. model and controllers' reduction. In the first approach, an infinite order of model is reduced and then the low order controller is designed. In the second approach, an infinite order controller is found and then the order of the controller is reduced. In this paper, we will focus on the first approach.
There are many ways to obtain model reduction which have been proposed over the years. Existing methods, such as balanced truncation [1] , optimal Hankel norm approximation, singular perturbation approximation (SPA) [2] are often used to reduce model order of finite dimensional linear time-invariant (FDLTI) systems. It is known that the balanced truncation method gives a good model approximation at high frequency, while SPA method is known to be superior at low frequency. Using properties of Hankel operator, several researches have extended the balanced truncation method [3, 4, 5 ] to reduce the model order of infinite dimensional case. The recent paper [6] discussed a computational approach of the balanced truncation method for infinite dimensional system via proper orthogonal decomposition (POD).
Balanced truncations method consists of truncating a balanced realization. The balanced realization of infinite dimensional systems is the realization for which the controllability and observability gramians are both equal to some diagonal operator [3] . Suppose
 is a transfer function of infinite dimensional systems with finite rank input and output operator. The r-th order balanced truncation of G is the finite dimensional system with the transfer function . It is clear that all reduced-order models obtained by truncation of infinite dimensional systems have perfect matching at infinite frequency. Unfortunately, this method yields the greatest approximation error at the low frequency which is undesirable in many applications. It is very interesting to improve model reduction method for infinite dimensional systems with comparable properties as SPA reduction method. It is known that SPA method for FDLTI systems can be analyzed by using properties of a reciprocal system. In the recent papers [8, 9] , reciprocal transformation has been applied to study properties of infinite dimensional system via their reciprocal systems. Motivated by these works, we propose a method to designing low order controller of infinite dimensional systems via reduced-order model using balanced truncation and reciprocal transformation.
The paper is organized as follows. Section 2 introduces the abstract form of infinite dimensional systems and some notation used in the paper. Reduced order model via balanced truncation of infinite dimensional systems are reviewed in Section 3. Reduced order model using reciprocal transformation and balanced truncation of infinite dimensional systems are derived in Section 4
Infinite Dimensional Systems 3 which constitutes the main result of this paper. Numerical computation for obtaining a low order controller of infinite dimensional system is proposed in Section 5. The simulation results are presented in Section 6. Finally, concluding remark are given in Section 7.
Preliminaries
The infinite dimensional systems dynamics can be presented in the following abstract form: 
Reduced Order Model via Balanced Truncation
In this section, we review some result on balanced realization and truncation of infinite dimensional system which has been constructed by [3, 4] . The construction of the balanced truncation of system ( , , )
A B C can be obtained by eliminating any states that are difficult to control and to observe based upon the controllability and observability gramians. The controllability and observability gramians are defined by A B C are the unique solutions of their respective Lyapunov equations:
The procedure of balanced realization of infinite dimensional system is based on the singular value and Schmidt vectors of the Hankel operator of the system. Consider transfer function G is the Laplace transform of sequences [3] . In [10] , it is shown that an exponentially stable infinite dimensional system with finite rank input and output operators has a nuclear Hankel operator; i.e., its singular values satisfy =1 <. 
Reduced Order Model Using Reciprocal Transformation
In this section, we develop reduced order model of infinite dimensional systems via reciprocal transformation. The concept of a reciprocal systems of infinite dimensional systems ( , , , ) A B C D was introduced in papers [8, 9] . If zero is in the resolvent set of A , i.e. operator A has a bounded inverse, then all the generating operator of the reciprocal systems 
Definition 1 Let the system ( , , , )
A B C D is exponentially stable, such that A has a bounded inverse. Its reciprocal system is the system ˆ ( , , , ) A B C D where
Let G be transfer function of the systems ( , , , ) A B C D and suppose Ĝ is transfer function of the systems ˆ ( , , , ) A B C D . From the above definition, we have . From (7), it is clear that
Lemma 1 If the system ( , , , )
A B C D is exponentially stable with its reciprocal system ˆ ( , , , ) A B C D , then their controllability and observability gramians are equal.
Proof. In Lemma 4.1.24 of [7] it was shown that the controllability and observability gramians, , (9) where 12 , xx is arbitrary elements in Z gives (6) we obtain following equations ** 11ˆ,
This shows that the controllability and observability Lyapunov equations of the systems ( , , Proof. The Lyapunov equations have solutions 1  which correspond to the controllability and observability gramians of the system 11 1 1( , , , ) A B C D via (10) and (11) 
assuming that 11 A is invertible.
Note that ˆr G is transfer function of 11 1 1( , , , ) A B C D with realization 
Substituting (14) to (16) and (17), we have 
From equations (7) and (15) 
By ( 
= (0), G with assumption that zero is in the resolvent set of A . It is clear from the discussion above that the reduced order model using reciprocal transformation of infinite dimensional systems gives certain accuracy at low frequency.
Numerical Algorithm
This section addresses the question of computing the balanced realization and reciprocal transformation followed by low order controller design of infinite dimensional systems based on the proposed method. In the previous section it was assumed that the operator-valued Lyapunov equations can be derived analytically. In general, we cannot obtain an exact solution of the infinite dimensional Lyapunov equations. In this case, a convergent numerical scheme must be utilized as in [5, 11] . The following algorithm is proposed to find the reduced order model described in the previous section: From these figure, we observe that the 6th-order controllers can attenuate these disturbance. 
Concluding Remark
In this paper, we presented a low order controller design based on reduced order model via reciprocal transformation of infinite dimensional systems. The realization of the reciprocal system is reduced by balanced truncation. This result was further translated using reciprocal transformation as the reduced order model for the original system. The proposed method presented in this paper, preserves the property of singular perturbation approximation (SPA) method of finite dimensional system, i.e. its result provide a good reduction errors at low frequencies and therefore it extends [2] for infinite dimensional system. The controller was designed for the reduced order model with the low order controller. The low order controller is applied to reject the disturbance acting on the beam. The simulations showed the effectiveness of the 6 th-order controller to reduce the vibration of the beam.
